GOVT 6019: Rolling Dice — Solutions
Week 5 in-class activity - Fall 2026

Part 1. Before you roll
Let X be the result of one roll of a fair die. Each face has probability 1/6.

E[X] = 1+2+3é_4+5+6:2€1:3-5
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The standard deviation is o = /35/12 ~ 1.71.

Figure A. The probability mass function of X: six bars, each of height 1/6.
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Forty trials of four rolls each. Each cell holds the sum of one trial.

Part 2. Roll

Log of sums

1 2 3 4 5 6 7 8 9 10

10 13 18 15 10 15 13 11 13 10
11 12 13 14 15 16 17 18 19 20

15 19 16 14 19 13 18 18 13 11
21 22 23 24 25 26 27 28 29 30

15 17 14 14 16 15 17 19 10 19
31 32 33 34 35 36 37 38 39 40

14 7 13 18 13 16 21 12 15 20




Figure B. The means of the 40 trials. Each x is one trial. The blue line in each column marks how

high the stack is expected to reach in 40 trials, 40 x P(sum).
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Mean of the Z’s 3.68 uw=3.50
Standard deviation of the z’s 0.81 o/vV4=0.85
Smallest and largest sum 7 and 21 4 and 24 possible




Part 3. Questions

Recall the premise of the Central Limit Theorem (CLT): the sampling distribution of the sample means
(i.e., the distribution of z’s) will follow a Normal distribution with mean p and standard deviation
o /+/n, regardless of the distribution of the population. Because we know the distribution of the values
of the die and this distribution is symmetric, we can see how the CLT works with a small sample size
(n=4).

We will now compare the results of rolling one die versus the activity you performed (the mean of four
rolls of a die).

1. Comment on the difference in shape between Figure A and Figure B.

Answer. Figure A is flat. Every value from 1 to 6 has the same probability, 1/6. In Figure B
the x’s pile up in the middle and thin out toward both ends. 25 of the 40 Xx’s sit between sums
of 11 and 17, which is T between 2.75 and 4.25. The smallest sum in these 40 trials was 7 and
the largest was 21. No trial came near 4 or 24.

The extremes are rare because few combinations of four rolls produce them. A sum of 4 needs
four 1s, which is 1 of the 6* = 1,296 equally likely outcomes. A sum of 14 can be made 146 ways.
A single roll of 1 is as likely as a roll of 3. A mean of 1 needs every roll to be low at once.

2. Do you believe that the Central Limit Theorem is working with regards to the shape of Figure B?

Answer. Yes. Figure B is already roughly bell-shaped at n = 4. The x’s pile up in the middle,
and the counts fall off on both sides. The mean of the 40 z’s was 3.68, close to p = 3.5. It is not
exactly Normal. & can take only 21 values, and it can never fall below 1 or above 6. A Normal
distribution is continuous and unbounded.

Forty trials is a small number, so the x’s are lumpy. Some stacks rise above their blue line and
some fall short. Sum 14, for example, is the most likely sum but got only 4 trials here. Those
gaps and bumps are noise from having only 40 trials. They are not features of the sampling
distribution. The blue lines show its true shape, and they trace a smooth bell. The CLT works
this fast here because the die’s distribution is symmetric. A skewed population would need a
larger n.

3. If the population has a standard deviation of ¢ and the sampling distribution of the sample
means has a standard deviation of o/y/n (according to the CLT), which one of these two values
will be lower if n > 17 In other words, which of these two distributions do you expect to have
lower variability: the population distribution or the sampling distribution of the sample means?

Answer. o/y/n is lower. When n > 1, /n > 1, so dividing ¢ by \/n gives a smaller number.
The sampling distribution of the sample means has lower variability than the population.

For the die, ¢ = 1.71. With n = 4 the standard deviation of Z is 1.71/v/4 = 1.71/2 = 0.85, half
of o. In these 40 trials the standard deviation of the z’s was 0.81. The figures show the same
comparison. In Figure A the probability is spread evenly from 1 to 6. In Figure B 33 of the 40
x’s lie between 2.5 and 4.5.
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